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A strongly non-linear dynamic problem of thermomechanics for multilayer beams is formulated based
on the Kirchhoff–Love hypotheses. In the case of harmonic loading, a simpliﬁed formulation is given
using a single-frequency approximation and the concept of complex moduli to characterise the non-
linear cyclic properties of the material. As an example, the problem of forced vibrations and dissipative
heating of a roller-supported layered beam containing piezoactive layers is solved. Different aspects of
thermal, mechanical and electric responses to the mechanical and electric excitations are addressed.
Dissipative heating due to electromechanical losses in the three-layer beam with piezoelectric layers is
studied. It is assumed that the structure fails if the temperature exceeds the Curie point for
piezoceramics. Using this criterion, the fatigue life of the structure is estimated. Limitations of the
approximate monoharmonic approach are also speciﬁed.
& 2011 Elsevier Ltd. Open access under CC BY license.1. Introduction
The forced vibration analysis of structures occupies a signiﬁ-
cant place in the dynamics of deformable systems. An accurate
prediction of the dynamic response is a serious challenge, since
the material of a structure may exhibit rather complex inelastic
properties under intensive loading. Variable elastic–viscoplastic
behaviour should be studied when designing metal dampers for
the vibrations of building structures under wind and seismic
loads, devices for suppressing vibrations of pipelines, vibration
control systems, test specimens in low-cycle fatigue tests, etc.
The stringent requirements to modern complex devices have
recently compelled many researchers to pay attention to the
modelling and control of vibrations of thin-wall structures [1–4].
The rapid development of modern technology necessitates a
change from the traditional methods of vibration control to new
methods that allow the implementation of more complex and
highly effective operating modes, while taking proper account of
numerous life and reliability criteria. Modern structures and
devices are required to withstand higher level loads and new
patterns of loading. As a result, the modelling of the vibration of
structures and their members and the investigations of possibi-
lities for controlling them have gained a new impetus.Y license. Structronics is a rapidly growing ﬁeld of science that deals
with the mentioned problems. It is concerned with electro-elastic
systems, active materials, and the control and optimisation of the
vibration of structures made of various materials [4,5]. For
example, there are materials with speciﬁc properties (piezoelec-
tric materials, materials with shape memory, materials with
electro-strictive, electro-magneto-elastic and other electro-rheo-
logical properties) that are widely used for the active control of
vibration [5]. Of them, the most popular are the piezoelectric
materials used as sensors or actuators due to the direct and
inverse piezoelectric effects [4–8].
Piezoelectric elements are most often used as distributed
sensors or actuators, or their combinations [3,6,8,9]. Modelling
the vibration and control of structures comprising the distributed
sensors and actuators is, as a rule, reduced to problems for
layered beams, plates or shells containing the piezoactive layers
and partially (or completely) covered with piezoactive materials
[1–9]. A piezoelectric layer can be used as a distributed sensor
due to the direct piezoelectric effect. By applying a high external
voltage to this layer, we can excite or control vibration due to the
inverse piezoelectric effect. These vibrations may be shifted in
phase with respect to the external, say, mechanical load to
compensate for undesirable displacements.
In studying the control of the vibration of multilayer thin-wall
systems, it is necessary to consider a wide variety of issues:
(a) modelling the mechanical response and simulating the
strength of electrically passive layered materials and structures
[10], including the coupled electromechanical behaviour of
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beams, plates and shells with piezoelectric layers, taking aniso-
tropy into account [3,5]; (c) developing the theories of sensors
and actuators [1,4,5]; (d) problems of sensitivity of sensors [1,6]
and modal control and optimal arrangement of sensors (actua-
tors) [4,6,8]; (e) developing and optimising the feedback systems
[4,6]; (f) developing the non-linear theories and study the inter-
action of various non-linear factors [2,9] and (g) allowing the
thermal effects [2,8,11,12]. Some of these issues are well under-
stood, while others (for example, non-linear and thermal effects)
require additional study. The comprehensive reviews of the active
control of the vibration of mechanical systems can be found
in [4,5].
It is well known that the inelastic deformation of a material is
accompanied by the release of heat due to the dissipation of
mechanical energy. The heating effect can be particularly sig-
niﬁcant for the partial case of cyclic loading, which is one of the
most common types of loading that structures can experience.
Under these conditions, the small temperature advance during
one cycle can result in signiﬁcant heating levels for a large
number of cycles. Obviously, neglecting the thermomechanical
coupling in this case can lead to an incorrect prediction of the
system response and to the loss of system functionality—for
example, as a result of the piezoelement depolarising if the
temperature exceeds the Curie point.
In general, it is possible to distinguish at least two classes of
processes that should be simulated making due allowance for
thermomechanical coupling.
The ﬁrst class includes intensive monotonic or cyclic inelastic
deformation. Under certain conditions, such as impact load or
resonant vibrations, dissipative heating may reach a signiﬁcant
level [10,13]. This should be taken into account, for example, in
evaluating the serviceability of elements of damping systems or
when developing techniques for accelerated analysis of the low-
cycle fatigue of materials. Dissipative heating, for example, plays
a key role in the formation of adiabatic shear bands in viscoplastic
bodies under high-speed loading.
The second class includes thermo-electro-mechanical material
models, thermographic techniques for detection of defects, non-
isothermal models of crack propagation, different approaches to
active vibration control [11], etc. The heating, in turn, may change
the strength of a structure, deteriorate its performance, and,
under adverse conditions, even cause failure.
Exploration of these inter-relations and couplings promises
the discovery of new interesting and industrially valuable effects.
In the present paper, based on the electromechanical model of
thin-wall structural members [12], a simpliﬁed monoharmonic
(single frequency) approach is developed. The objective is to
describe a non-linear dynamic coupled thermo-electro-mechan-
ical behaviour of laminated thin-wall structures consisting of
viscoelastic piezoactive and inelastic metal layers under cyclic
electric or mechanical loading. As an example, the model problem
for a three-layer sandwich beam consisting of aluminium alloy
core covered with piezoelectric layers with roller-supported ends
is considered in order to study vibration and dissipative heating of
the structure under intensive cyclic excitation. The dissipation
function is calculated and the evolution of the temperature ﬁeld
under steady-state vibration phase is studied in detail. For
mechanically excited vibrations, when the piezoelectric layers
work as sensors, the electric response of a beam partially
depolarised due to excessive heating above the Curie point is
investigated. Low-cycle structural fatigue curves with respect to
the temperature are plotted and the safe regimes are determined.
The temperature histories are also studied for the case when the
harmonically varied voltage supplied to the piezoactive layers
suppresses the mechanically excited vibrations.2. Description of the mechanical response of inelastic solids
under cyclic loading
Publications on active control are restricted mainly to elastic
models of electrically active and passive materials [1,3,8]. To
describe dissipation, the equation of motion, as a rule, includes
additional terms proportional to the velocity and responsible for
viscous friction. Such an approach appears justiﬁed to be applied
to systems with combined (active and passive) control of vibra-
tion [14]. To describe the real behaviour of piezoelectric, and,
especially, electrically passive materials, it is necessary to use
more complex models of materials exhibiting inelastic response
to an external load. Indeed, elastoplastic and, if the velocity is
high, viscoelastic dampers are used to suppress vibration with
high amplitudes including intensive cyclic, shock or other
impulse loads.
Intensive loading may also cause large deﬂections. The mem-
brane force may appear large because of the boundary conditions
(hinging, clamping, etc.). In such cases, it is important to describe
the effect of interaction between geometrical and material non-
linearities on the behaviour of a layered structure with piezo-
electric components, to analyse changes in the sensor readings
and to study the steady-state residual vibrations after applying a
voltage to balance the external mechanical load.
In the present paper, we focus our attention on the multilayer
thin-wall structure response to the cyclic (particularly harmonic)
loading as one of the most common type of deformation. In this
case, modelling the mechanical behaviour of inelastic materials is
one of the major challenges to be accomplished in evaluating the
durability or function characteristics of deformed solids. There are
currently two approaches to solving such problems.
In the frame of the ﬁrst approach, inelastic constitutive
equations valid for arbitrary or, at least, rather wide classes of
loading histories were mainly developed for passive materials to
predict the cyclic response of the structures correctly. The models
have to contain adequate means (e.g. the adequate set of internal
variables) to describe a variety of inelastic effects: hardening,
softening, Baushchinger’s effect in metals, etc. There exist many
well-developed analytical, empirical or semi-empirical theories of
inelastic behaviour [15–17]. In the frame of these theories
(usually referred to as uniﬁed ﬂow theories), the time-dependant
inelastic behaviour of crystalline solids is represented as part of a
combined elastic–inelastic formulation that may or may not rely
on a yield criterion or loading and unloading conditions. The same
equations are applicable for all circumstances such as straining at
prescribed rates, creep under constant stress and stress relaxation
under constant strain. An objective of a uniﬁed constitutive
theory is that it should be suitable for certain classes of materials
over a wide range of strain rates and temperatures. To be useful
for engineers, the equations have to be reasonably simple, possess
a ﬁrm physical basis, and be consistent with the principles and
constraints of mechanics and thermodynamics [15]. This
approach was used to solve transient problems for thin-walled
structures (mainly beams and shells) as well as 3D solids in a
practically important formulation that allows for the elastovisco-
plasticity and geometrical non-linearity of the structure. The
formulations in combination with well-tested computational
techniques allow one to analyse the mechanical effects of the
interaction between geometrical and material non-linearities.
By applying these models in the case of harmonically loaded
solids, it is possible to study a number of effects accompanying
vibrations such as snap buckling, drift of average plastic strain,
dynamic buckling and chaotic motions that may arise under
harmonic loading. Study of the mentioned processes is difﬁcult
because of the severe requirements of the time integration
schemes for Cauchy problems. This is due to the stiffness of
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inelastic behaviour of the material (especially for plastic metals)
and the local instability of solutions within internal boundary
layers associated with snap buckling of preliminary or inelasti-
cally curved thin-wall elements.
Applying time-dependant constitutive equations along with
the equations of motion and the energy balance (the latter is
usually reduced to the transient heat conduction equation), it is
possible to obtain the equations of coupled thermomechanics.
Here special attention should be paid to the dissipation function.
Using standard formalism of the thermodynamics of irreversible
processes for the models with internal variables, an expression for
the dissipation function that accounts for the hidden energy of
cold work can be obtained. This energy represents the part of the
lost mechanical power, which is not dissipated as heat but is
stored in the material. For a detailed explanation see, for example,
[18]. Formulating appropriate boundary and initial conditions
completes the coupled problem statement. In the frame of this
statement, all of the various thermomechanical coupling effects,
including thermoelastic ones, can be taken into account.
When modelling the materials of the piezoactive layers or
patches it is necessary to make assumptions that are both
mechanical and electrical in nature. In general, the mechanical
assumptions are those used in sandwich beam/plate theories
[1–3]. Piezoelectric materials themselves are usually considered
to be elastic or viscoelastic [6,8,9]. Assumptions regarding the
electrical part of the problem are usually as follows: (i) through-
thickness polarisation of the piezoelectric patches; (ii) in-plane
uniform and through-thickness linear electric potential for the
piezoelectric layers and (iii) only transverse electric ﬁeld and
displacement components are retained in the piezoelectric
constitutive laws.
Several methods have been proposed to determine the losses
by introducing complex parameters in the piezoelectric constitu-
tive equations. A number of these methods consider mechanical,
dielectric and piezoelectric losses, but others take account of
mechanical and dielectric losses only. The effect of dielectric
relaxation can be signiﬁcant for materials such as polyvinylidene
ﬂuoride (PVDF). The method suggested in [19] can be used to take
account of the frequency dispersion of dielectric constants.
A more rigorous method is to take into account all the
mechanical and electrical basic equations in a virtual work
principle or any extended energetic formulation, and use fully
coupled equations. When the induced potential is considered, it
can be shown [14] that for the actuation problem, the piezo-
electric effect reduces to an augmentation of the stiffness of the
structure and an added electrical equivalent load term without
the need for electric degrees of freedom. The sensor equation is
then obtained from the charge electrical equilibrium equation,
which is integrated over the electrodised surfaces of the sensor
layers or patches to obtain the sensing electric potential, and then
the electric current, if desired.
Unfortunately, application of such strongly non-linear models
to simulate the material response under cyclic loading leads to an
extensive amount of calculation as a consequence of the necessity
to follow the complete response history. Solution of the coupled
problem for a large number of cycles is extremely time and
resource consuming. Therefore, predicting the temperature rise
caused by dissipative heating in the framework of this approach
appears to be impractical.
The second approach to addressing problems of cyclic loading
is based on simpliﬁed models developed speciﬁcally for this kind
of loading [20–22]. The basis of the simpliﬁcation can be clearly
illustrated by considering linearly viscoelastic materials under
cyclic deformation. In this particular case, all basic types of
constitutive equations—integral (hereditary) or differential—havean algebraic form written in terms of complex stress and strain
amplitudes. The relationship between these quantities is
expressed in terms of complex-value moduli [23]. At least two
circumstances stimulated the efforts to generalise this model
to inelastic materials. One is its simplicity due to the absence of
the time factor and the other is practical expediency. In some
cases of practical importance, such as internal friction theory, the
response of the material at the frequency of excitation is of
primary interest. In non-linear damped mechanical systems,
single-frequency vibrations occur under moderate loads at reso-
nance. The effective solution of such problems is based on the
methods of non-linear mechanics. To study the single-frequency
vibrations, it is convenient to use the harmonic-linearisation
method. As applied to continuum mechanics, this method is most
fully expounded in [12,13,18].
Despite the fact that the single-frequency approximation
based on harmonic linearisation is well grounded in non-linear
mechanics, its practical accuracy should be additionally analysed
for speciﬁc classes of problems for non-linear dissipative media.
The fundamental question is whether the harmonic-linearisation
scheme provides the highest accuracy of speciﬁc stress–strain
characteristics for various classes of inelastic materials. The most
convincing and justiﬁed answer to this question can be obtained
by a direct comparison of ‘‘complete’’ and ‘‘simpliﬁed’’ analyses.
The ‘‘complete’’ analysis can be based on the time-dependant
inelastic model mentioned above (i.e. on the constitutive equa-
tions of one of the uniﬁed ﬂow theories), and the ‘‘simpliﬁed’’
analysis relies on its harmonically linearised modiﬁcation.
For elastoplastic solids, the equations relating the stress and
strain amplitudes are independent of the time base of the cycle.
They are valid for harmonic loading as well. For viscoelastic and
viscoplastic materials, the amplitude equations should be speci-
ﬁed for each speciﬁc time base. The amplitude equations may be
different, depending on the norm in which the ‘‘complete’’
equations are approximated. Within the framework of the classi-
cal harmonic-linearisation approach, approximation in the Hilbert
space is used. The linearising operator has the form of the
differential Voigt model. The norms, in which the stiffness and
dissipative characteristics of elastoplastic media are approxi-
mated, are close to the stored and dissipated energies.
A similar scheme and also the Galerkin time scheme were
applied to non-linear viscoelastic materials and generalised in
[13]. The difference between these schemes lies in the structure
of the ﬁnal amplitude equations. The Voigt linearisation leads to
relations similar to the linear viscoelastic equations for harmonic
processes (the correspondence principle). They are known [23] to
be formulated in terms of complex-value moduli. Thus, the
harmonic-linearisation scheme leads to a linear–non-linear ana-
logy. The Galerkin scheme includes weaker constraints than the
harmonic-linearisation scheme. The corresponding amplitude
equations are more general, yet more complex. They contain
many more material parameters. It is natural to associate the
norm, in which the ‘‘complete’’ inelastic operator is approxi-
mated, with the particular features of the problem. These may
be the degree of non-linearity, the simplicity of the approximate
formulation, the required accuracy of the non-linear stress–strain
characteristics responsible for the load-bearing capacity of the
structure, strength of the material, etc. Paper [18] was the ﬁrst to
compare the capabilities of various harmonic-linearisation
schemes as applied to forced vibrations of non-linear oscillators
as simple resonant systems. The obtained results made it possible
to choose the most accurate harmonic-linearisation scheme for
nearly simple deformation processes described by generalised
ﬂow models such as Bodner–Partom, Chaboche, Walker, etc.
Characterisation of the mechanical and electrical properties of
piezoelectric materials under cyclic loading is provided in terms
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duced the real (storage moduli) and imaginary (loss moduli) parts
of the mechanical, dielectric and piezoelectric moduli, it is
possible to account for the mechanical, dielectric and piezo-
electric losses and operate with the ideas inherent in the single-
frequency (monoharmonic) approximation.
Detailed information about the single-frequency (monohar-
monic) approach can be found in [18]. The equations of the
simpliﬁed model are brieﬂy discussed below.O
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Fig. 1. Beam geometry, lay-up, boundary and loading conditions.3. Monoharmonic approach in the case of cyclically excited
beam containing piezoelectric layers
For cyclically stable materials, it has been shown [22] that
even when the material behaviour is severely non-linear, vibra-
tions with the frequency of the exciting load develop after some
transition period. Moreover, in several such cases we may neglect
the contribution of higher harmonics to the amplitudes of the
ﬁeld variables, and consider only the ﬁrst harmonic [22]. In such a
case, one can use all the advantages of classical or modiﬁed
monoharmonic approaches [18] employing the complex moduli
concept. Originally, this technique was applied to linear viscoe-
lasticity [23], then with some modiﬁcations to non-linear viscoe-
lasticity and plasticity [18].
The model is based on the concept of complex moduli, which
are determined by a modiﬁed technique of equivalent linearisa-
tion [18]. In terms of these moduli, the initial problem is reduced
to a scleronomous system of equations for complex amplitudes of
mechanical and electrical variables: displacements, stresses, total
and inelastic strains, electric ﬁeld and electric displacement.
Equations of the simplest version of the model for monophase
loading are given below.
Within the simpliﬁed model, we assume that when elements
of a solid are under harmonic loading
eklðtÞ ¼ e0kl cosote
00
kl sinot ð1Þ
the response of the stress and inelastic strain are also nearly
harmonic:
sklðtÞ ¼ s0kl cosots
00
kl sinot, e
p
klðtÞ ¼ e
p0
kl cosote
p00
kl sinot ð2Þ
where ekl and skl are the deviators of the strain and stress tensors,
respectively, (  )0 and (  )00 are the real and imaginary parts of
complex amplitudes, ðUÞ ¼ ðUÞ0 þ iðUÞ00 and o is the frequency of
vibration. We determine the intensities of the effective deviatoric
strain ei, deviatoric stress si and inelastic strain epi as follows:
ei ¼ 12ðe0ije0ijþe
00
ije
00
ijÞ
h i1=2
, si ¼ 12ðs0ijs0ijþs
00
ijs
00
ijÞ
h i1=2
, epi ¼ e
p
i ¼ 12ðe
p0
ij e
p0
ij þe
p00
ij e
p00
ij Þ
h i1=2
ð3Þ
The procedure of harmonic linearisation assumes that complex
amplitudes of the strain deviator ~eij ¼ e0ijþ ie
00
ij, inelastic strain
deviator ~epij ¼ e
p0
ij þ ie
p00
ij and the stress deviator ~sij ¼ s0ijþ is
00
ij are
related by means of a complex shear modulus ~G, ~G ¼ G0 þ iG00
and inelasticity factor ~kp, ~kp ¼ k0pþ ik
00
p, according to [12,13,18],
such that
~sij ¼ 2 ~G ~eij, ~epij ¼ ~kp ~eij ð4Þ
where, under proportional loading, ~G and ~kp are, in the general
case, functions of the effective strain (or stress), frequency and
temperature, T .
~G ¼ ~Gðei,o,TÞ, ~kp ¼ ~kpðei,o,TÞ ð5Þ
The components of the complex moduli ~G and ~kp are found
from the condition of equality of dissipation rates and from the
cyclic diagrams si vs. ei and epi vs. ei for the complete andsimpliﬁed models. For a deformation driven cycle, we obtain
si=ei ¼ 29 ~G9, epi =ei ¼ ~kp
 , 9 ~G9¼ ðG02þG002Þ1=2 ð6Þ
The real parts G0 and k0p of the moduli are calculated by the
following relationships:
G0ðei,oÞ ¼
s2i ðei,oÞ
4e2i
G002ðei,oÞ
" #1=2
kpðei,oÞ ¼
ep2i ðei,oÞ
4e2i
k002p ðei,oÞ
" #1=2
ð7Þ
The equation for the volumetric component is
~skk ¼ 3KV ~ekk ð8Þ
According to this formulation, the bulk modulus, KV, is
assumed to be a real-value quantity, which follows from the fact
that volume deformations are always elastic.
Amplitudes of the electric variables of the problem are
determined by analogues of Eqs. (1) and (2):
EkðtÞ ¼ E0k cosotE
00
k sinot, DkðtÞ ¼D0k cosotD
00
k sinot ð9Þ
More detailed exposition of the simpliﬁed monoharmonic
model can be found in [18].
Let us brieﬂy specify the statement of the thermomechanical
problem of the forced vibration and dissipative heating of a
multilayer beam composed of electrically passive and piezoactive
layers of a constant thickness. The layers are in perfect contact
with each other. Each sth piezoelectric layer is covered with
inﬁnitely thin electrodes to which an electric potential difference
jðsÞz can be applied. The beam is referred to the rectangular
Cartesian coordinate system Oxyz as shown in Fig. 1 for the
particular case of a roller-supported three-layer beam consisting
of a central aluminium alloy layer and outer PZT layers. The beam
length is L and its thickness is h, with layers of thickness hs, where
h¼Phs. The mid-surface of the composite beam is chosen to be
the reference surface. The layers are numbered in the z-direction.
The coordinate of the upper surface of the sth layer is denoted
by zs. The PZT layers are polarised in the positive or negative
z-direction only. At this point, the material of the piezoactive
layer is considered to be viscoelastic, transversely isotropic.
The material of the electrically passive layers can demonstrate
the inelastic response.
Cyclic constitutive equations for piezoelectric materials with-
out pyroeffect can be written in the following form [11]:
~sij ¼ ~cDijklekl ~hmij ~Dm, ~En ¼ ~b
S
nm
~Dm ~hnkl ~ekl, i,j,k,l,m,n¼ 1,2,32x,y,z
where ~cDijkl is the isothermal complex moduli tensor at constant
electric displacement, ~hijk are the piezoelectric constants and
~b
S
ij is
the permittivity matrix at constant strain. These equations have
been derived in the electrostatic approximation - the equations of
electrostatics [11] are assumed to be true.
Making use of the standard Kirchhoff–Love hypotheses gen-
eralised to the case of elctromechanics [12,24,25] and assuming
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derive the complex amplitude constitutive relations for the sth
layer made of a piezoelectric material in the form:
~sxx ¼ ~C
ðsÞ
11
~exxp ~H
ðsÞ
31
~Dz, ~Ez ¼p ~H
ðsÞ
31
~exxþ ~B
ðsÞ
33
~Dz ð10Þ
where
~C
ðsÞ
11 ¼ ~cD11ð ~A1 ~cD12 ~A2 ~cD13Þ= ~D, ~H
ðsÞ
31 ¼ ~h31ð ~A1 ~h31 ~A2 ~h33Þ= ~D
~B
ðsÞ
33 ¼ ~b
s
33ð ~A3 ~h31 ~A4 ~h33Þ= ~D, ~D ¼ ~cD11 ~cD33ð~cD13Þ2
~A1 ¼ ~cD12 ~cD33ð~cD13Þ2, ~A2 ¼ ~cD12 ~cD13 ~cD13 ~cD11, ~A3 ¼ ~h31 ~cD33 ~h33 ~cD13
~A4 ¼ ~h31 ~cD13 ~h33 ~cD11
and coefﬁcient p is equal to 1, if the prepolarisation vector
coincides with the positive direction of the z-axis, and is equal
to 1 otherwise.
When using the monoharmonic approach, we have to conﬁne
ourselves to the theory of geometrically linear theory of beams.
Otherwise the higher harmonics have to be taken into considera-
tion. If we move to complex analogues of the displacements
( ~u, ~v, ~w) and other kinematic parameters of the beam, then the
strain at an arbitrary point in the beam is expressed in terms of
the deformation parameters of its axis as follows:
~exx ¼ ~eþz ~k ð11Þ
where ~e and ~k are the complex beam strain and curvature,
respectively.
Integrating the second equation in (10) over the thickness of
each layer and taking Eq. (11) into account, we get
~nðsÞ ~eþ ~mðsÞ ~k~lðsÞ ~Dz ¼ ~V ðsÞ ð12Þ
where
~V
ðsÞ ¼ ~jðzsÞ ~jðzs1Þ, ~nðsÞ ¼
Z zs
zs1
~H31dz, ~m
ðsÞ ¼
Z zs
zs1
~H31zdz, ~l
ðsÞ ¼
Z zs
zs1
~B
s
33dz
and ~V
ðsÞ
is a complex voltage supplied to the electrodes of the sth
piezoelectric layer.
The equations for complex-value forces and moments are
derived by substituting stresses from Eq. (10), taking account of
Eq. (11), into the classical formulae for forces and moments
referred to the arclength of the reference surface. The complex
relations between the amplitudes of the force and the kinematical
parameters of the active layer have the following form:
~N
ðsÞ ¼ ~C ðsÞ1 ~eþ ~K
ðsÞ
1
~k ~nðsÞ ~DðsÞz , ~M
ðsÞ ¼ ~K ðsÞ1 ~eþ ~D
ðsÞ
1
~k ~mðsÞ ~DðsÞz ð13Þ
where ð ~C ðsÞ1 , ~K
ðsÞ
1 ,
~D
ðsÞ
1 Þ ¼
R zs
zs1
~C
ðsÞ
11ð1,z,z2Þdz.
For the plane stress state, the coefﬁcients ~C
ðsÞ
1 ,
~K
ðsÞ
1 and
~D
ðsÞ
1 for
isotropic electrically passive layers can be easily obtained from
ð ~C ðsÞ1 , ~K
ðsÞ
1 ,
~D
ðsÞ
1 Þ ¼ 2
Z zs
zs1
~G
ðsÞð1þ ~nðsÞÞð1,z,z2Þdz¼
Z zs
zs1
~E
ðsÞð1,z,z2Þdz
where the known relations between the complex-value moduli,
~E ¼ E0 þ iE00, ~G ¼ G0 þ iG00 and ~n ¼ n0in00, and real valued bulk
modulus, KV, exist in the form:
~E ¼ E0 þ iE00 ¼ 2 ~Gð1þ ~nÞ, ~n ¼ n0in00 ¼ ð3KV2 ~GÞ=ð6KVþ2 ~GÞ
In order to determine the stress–strain state of an electrically
passive layer that allows for inelastic deformation, the
one-dimensional version of the amplitude equations, taking
account of the plane stress state, should be written in the
following form:
~sxx ¼ 2 ~Gð1þ ~nÞ~exx ¼ ~E ~exx, ~epxx ¼ ~kp ~exx ð14Þ
Solving Eq. (12) with respect to electric induction ~D
ðsÞ
z , sub-
stituting it into Eq. (13), and summing up the forces and moments
over all layers (both active and passive), we obtain the relations inthe ﬁnal form:
~N ¼ ~C1 ~eþ ~K 1 ~k ~NE, ~M ¼ ~K 1 ~eþ ~D1 ~k ~ME ð15Þ
where complex-value coefﬁcients are determined by the follow-
ing expressions:
~C1 ¼
X
sa
~C
ðsÞ
1  ~nðsÞ
~nðsÞ
~l
ðsÞ
 !
þ
X
sp
~C
ðsÞ
1 ,
~K 1 ¼
X
sa
~K
ðsÞ
1  ~nðsÞ
~mðsÞ
~l
ðsÞ
 !
þ
X
sp
~K
ðsÞ
1
~D1 ¼
X
sa
~D
ðsÞ
1  ~mðsÞ
~mðsÞ
~l
ðsÞ
 !
þ
X
sp
~D
ðsÞ
1 ,
~NE ¼
X
sa
~nðsÞ
~l
ðsÞ ~V
ðsÞ ,
~ME ¼
X
sa
~mðsÞ
~l
ðsÞ ~V
ðsÞ
and indices sa and sp stand for electrically active and passive
layers, respectively.
The amplitude relations, Eq. (15), between the force and
kinematic parameters correspond to the relations from paper
[9] for the particular case of a layered beam vibrating at the
steady-state monoharmonic frequency of the exciting load. Com-
parison of the structures of the relations shows that those from
paper [9] contain neither the terms due to inelastic material
response in the explicit form nor those due to the geometrical
non-linearity. Non-linear geometrically induced terms are absent
due to the linearised nature of the monoharmonic approach, see
Eq. (11), while inelasticity of the material response is taken into
account by the complex characteristics (moduli) in Eq. (15). The
piezoelectric effect manifests itself through the electrically
induced forces ~NE and moments ~ME in Eq. (15).
In the general case, the problem statement for the beam also
includes the complex-value analogues of the vibration equations
~N ,xþro2h ~u ¼ 0, ~Q ,xþro2h ~w ¼ 0 ð16Þ
amplitude expressions for components of the deformation para-
meters of the beam axis
~e ¼ ~u,x; ~k ¼ ~W,x; ~W ¼ ~w,x ð17Þ
and the necessary boundary conditions. In Eqs. (16) and (17), ~Q
and ~W denote the transverse force and rotation angle, respec-
tively; a,x ¼ @a=@x and r is a reduced density of the beam unit
length.
For the particular case of the roller-supported beam shown in
Fig. 1, the complex-value analogue of the system can be further
simpliﬁed by dropping the ﬁrst equation in Eqs. (16) and (17). The
resulting system can be written as
~w,x ¼ ~W; ~M ,x ¼ ~Q ; ~Q ,xþro2h ~w ¼ 0; ~W,x ¼ ~k
Making use of Eq. (15), one can ﬁnally obtain the system in the
following form:
~w,x ¼ ~W; ~M ,x ¼ ~Q ; ~Q ,xþro2h ~w ¼ 0; ~W,x ¼ ~Q Sð ~Mþ ~MEÞ
ð18Þ
where ~Q S ¼ ð ~C1=ð ~C1 ~D1 ~K
2
1ÞÞ.
In this paper we consider two types of loading. The ﬁrst type
(mechanical loading) is the loading by moments applied to the
ends x¼0, L and varying with time according to the harmonic law
M¼M0 sinot, where M0 is the amplitude and o is the frequency.
The second type (electrical loading) is an electric potential
difference V(s) applied to each piezoactive layer and varying with
time as V ðsÞ ¼ V ðsÞ0 sinot, where V ðsÞ0 is an amplitude of voltage at
the electrodes of the sth layer.
The loading and boundary conditions should also be rewritten
in the complex form. It is easy to obtain for the mechanical
loading ~M ¼iM0 at x¼0, L, and for the electrical loading
~V
ðsÞ ¼ iV ðsÞ0 at the electrodes of piezoactive layers. Hence, the
boundary conditions for mechanical and electrical loadings take
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respectively. For the latter case, the excitation is introduced into
the system via electrically induced moment, ~ME.4. Heat conduction problem
The single-frequency approximation can be particularly useful
for the investigation of problems where the amplitudes of the
main ﬁeld variables play a major role, when the peculiarities of
the hysteresis loop and speciﬁc behaviour over the vibration cycle
are not relevant [13,18]. For example, fatigue life prediction and
estimation of the dissipative heating levels are among the
obtained results [12,18].
Let us consider the coupled thermo-electro-mechanical pro-
blem for the three-layer beam shown in Fig. 1 when the mismatch
between the heat expansion coefﬁcients of the constituents is not
taken into account. To incorporate the thermal effects under
harmonic loading, one should start with the energy balance
equation, which yields the heat conduction equation in the
following form:
cV _T ¼ kT ,iiðKVT0aT _ekk=3ÞþD0ðx,zÞ ð19Þ
where T and T0 are the current and initial temperatures, cV is the
speciﬁc heat capacity at constant volume, k is the thermal
conductivity coefﬁcient, aT is the thermal expansion coefﬁcient
and D0 is the density of the dissipation power due to electro-
mechanical losses. Perfect thermal contacts at the material inter-
faces are assumed, i.e. the temperatures on, and the thermal
ﬂuxes through, the interfaces are equal.
Introducing temperature increase as y¼TT0, Eq. (19) for the
beam can be rewritten as
cV _y ¼ kðy,xxþy,zzÞð2yay=bÞðKVT0aT _ekk=3ÞþD0ðx,zÞ ð20Þ
where ay is a heat transfer coefﬁcient on the surfaces y¼0,b.
Averaging the heat conduction equation, Eq. (20), over the
period of vibration and neglecting the contribution of thermo-
elastic terms to the heating [18], one can obtain Eq. (20) in the
following form:
cV _y ¼ kðy,xxþy,zzÞð2yay=bÞþD0ðx,zÞ ð21Þ
Here y and D0 are again used to denote the averaged tempera-
ture and dissipation, respectively.
The dissipation function for the piezoactive layer can be
written as follows [22]:
D0ðx,zÞ ¼ o
2
Im ~sxx ~exxþ ~Ez ~D

z
h i
where the complex conjugate quantities are marked with an
asterisk. Taking account of the amplitude constitutive relations,
the ﬁnal form of the expression for the averaged dissipation
function for the piezoactive layer becomes
D0 ¼D0MþD0DEþD0PE ¼
o
2
C
00
11ðe02xxþe
002
xx Þþ
o
2
BS
00
33ðD02z þD
002
z Þ
oH031ðD0ze0xxþD
00
ze
00
xxÞ ð22Þ
where mechanical, dielectric and piezoelectric losses are marked
with the subscripts M, DE and PE, respectively. Only mechanical
losses appear in the case of the electrically passive metallic layer:
D0 ¼D0M ¼
o
2
Imð ~sxx ~exxÞ ¼
o
2
ðs00xxe0xxs0xxe
00
xxÞ ð23Þ
Also, the convective heat transfer exchange with the environ-
ment happens on each beam face. The corresponding boundary
conditions have the following form:
7ky,x ¼ axy, x¼ 0,L; 7ky,z ¼ azy, z¼ 8h=2where ax and az are the heat transfer coefﬁcients on the surfaces
x¼0, L and z¼7h=2, respectively.
In the case of the simpliﬁed approach, the initial condition
y(x,z)¼0 is speciﬁed only for the thermal part of the problem.
Let us emphasise here that the heat conduction problem is
solved as a two-dimensional problem in the plane Oxz. It allows
the heat generation and distribution along the longitudinal and
thickness dimensions of the beam to be investigated.5. Material properties and the numerical technique
In order to solve the problem of the forced vibration under
harmonic mechanical or electrical loading of the roller-supported
beam containing piezoelectric layers in the framework of the
simpliﬁed statement, we need to specify the cyclic properties of
the constituents. As mentioned above, the cyclic properties of the
material should be either determined experimentally or obtained
numerically as a response to the harmonic loading in the frame-
work of the chosen model of material behaviour.
The beam lay-up is as follows: the inner layer is made of
aluminium alloy and the outer layers are made of piezoceramic
PZT material. The upper ceramic layer is polarised in the positive
direction of the z-axis, and the lower layer, in the opposite
direction. The densities r of piezoceramics and aluminium alloy
are equal to 7300 and 2692.65 kg/m3, respectively.
Following [12,19], cyclically deformed PZT is considered to be a
viscoelastic transversely isotropic material with relatively small loss
moduli. Complex moduli for this material are assumed to be
independent of the frequency, temperature and strain intensity.
Real parts (storage moduli) of the relevant complex moduli
are chosen to be cD011¼1.12105 MPa, cD012¼0.64105 MPa, cD013¼
0.5 105 MPa, cD033¼1.25105 MPa, h310 ¼–5.0108 V/m, h330 ¼
1.8109 MPa and bS033¼1.33108 m/F. The loss tangents for
the PZT are tandc11 ¼ cD0011=cD011¼0.0128, tandc12 ¼ cD
00
12=c
D0
12¼0.0144,
tandc13 ¼ cD0013=cD013¼0.02, tandc33 ¼ cD
00
33=c
D0
33¼0.015, tandh31 ¼ h
00
31=h
0
31
¼0.0125, tandh33 ¼ h0033=h033¼0.0142 and tandb33 ¼ bs
00
33=b
s0
33¼
– 0.0215.
The complex moduli for aluminium alloy are computed using
the technique suggested in [18], where the detailed procedure is
described. A one-dimensional version of the Bodner–Partom
model [16,17] is used to simulate the response of the material
under tension–compression for the excitation frequency ranging
from 1 to 100 Hz. It has been found that complex moduli exhibit a
week dependence on the frequency in this range and therefore
can be considered frequency-independent in the present study.
For the simpliﬁed model adopted here, the volumetric mod-
ulus, KV, is a real quantity and was taken to be 8.5104 MPa. The
elastic Young modulus and Poisson coefﬁcient for the material
were E¼0.816105 MPa and n¼0.34, respectively.
Dependencies of the storage modulus, E0, and the loss mod-
ulus, E00, as well as 9 ~k9 on the amplitude of strain, e0, are shown in
Fig. 2. The region of the elastic behaviour of the aluminium alloy
is clearly observed for values of the controlled parameter e0 below
0.3%. Typical for metals, the maximum in loss modulus occurs
at 0.72%.
For temperatures below the Curie point for piezoceramics,
which is the region of our main interest, the complex moduli for
aluminium alloy exhibit a weak dependence on the temperature
and, therefore, can be considered as temperature indepen-
dent quantities for the present work. Manufacturers provide
different data for the Curie point, TC, ranging from 150 to 350 1C
depending on the PZT type and composition. In the present
investigation, it is chosen to be equal to 200 1C, and therefore,
in terms of the temperature increase yC¼TCT0¼180 1C. Also, the
following parameters were used to solve the heat conduction
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Fig. 2. Dependency of storage modulus, E0 , (solid line), loss modulus, E00 , (dashed
line) and magnitude of inelasticity coefﬁcient ,9 ~k9, (dash-dot line) on the
amplitude of strain, e0, for the aluminium alloy.
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and k¼90W/m K for the aluminium alloy and cV¼3.58106 J/m3 K
and k¼1.25W/m K for the PZT piezoceramics.
Making use of the data listed above and the non-linear
problem statement derived in Sections 3 and 4, it is possible to
compute the steady-state response of the beam to harmonic
loading as well as the transient dissipative heating of the
structure.
The developed problem formalism is strongly non-linear and
can be solved numerically. The numerical technique is described
in [12,24–26] in detail. The mechanical part of the problem is
solved as a typical one-dimensional beam problem using the
discrete orthogonalisation method. Then the ﬁelds of stress,
strain and inelastic strain amplitudes are determined for the
two-dimensional plane stress problem. Utilising the expressions
given by Eqs. (22) and (23), the dissipation functions in
the piezoactive and metal layers can be calculated and used in
the two-dimensional heat conduction equation, Eq. (21). In turn,
the transient heat conduction problem is solved by the ﬁnite
difference method.6. Results and discussion
A model problem of the vibration and dissipative heating of
the three-layer roller-supported beam under harmonic mechanic
and/or electric loading is discussed in this section. Vibrations in
the vicinity of the ﬁrst resonance frequency occurring in the ﬁrst
symmetric mode are considered. The issues of the simpliﬁed
model applicability, characterisation of the beam response, vibra-
tion suppression problem and dissipative heating of the beam
under harmonic loading are addressed below.
The nature of the approximation introduced within the sim-
pliﬁed monoharmonic approach imposes obvious limitations on
the model use. The version of monoharmonic approach adopted
here does not deal with the mean strain and stress. To exclude
them from the consideration, and prevent the beam deforming
inelastically into shallow arch, the time histories with the gradual
linear growth of the amplitude of the load (both mechanical and
electrical) must be provided for several cycles at the beginning of
the simulation. After this, the amplitude of loading remainsconstant. The transient response to this sort of loading history
was considered earlier in [9]. The initial adaptive period was
followed by a stabilisation period to allow the steady-state beam
vibrations to be reached. Then the amplitudes of the quantities
under investigation provided by the complete and approximate
approaches were compared. The results agree well with each
other. Here, an amplitude of the complex-value quantity ~a in the
frame of the approximate model is denoted as 9 ~a9 and calculated
according to the formula 9 ~a9¼ ða02þa002Þ1=2.
The set of amplitude–frequency characteristics for the beam
shown in Fig. 1 was computed. The beam geometry was chosen to
be as follows: L¼2.0 m, h¼0.6101 m, h1¼h3¼0.2102 m,
h2¼0.56101 m and b¼0.3101 m.
As the mechanical and electrical loadings considered here are
equivalent in the sense that they cause the same deﬂection and
produce the same levels of stress, total and inelastic strains in the
particular case under consideration, only one set of ﬁgures for the
mechanical loading for six different values of the controlled
parameter M0¼0.2103, 0.2101, 0.2, 0.5, 1.0 and 2.0 kN m
is shown in Fig. 3. A plot of amplitude of deﬂection vs. frequency
at the central point of the beam is given in Fig. 3(a). The
amplitudes of stress, inelastic strain at the most heavily stressed
point in the metal (x¼1 m; z¼0.28101 m), and the amplitude
of the electric current from the upper piezolayer are shown in
Fig. 3(b)–(d). The results obtained within the approximate
approach are given by the lines. The results of the direct solution
of the problem using the complete model, calculated according to
the technique described in [9], are indicated by the squares. These
results are computed for M0¼1.0 kN m. Computing the transient
response was extremely time and resource consuming, especially
in the vicinity of the resonance. The agreement between the
results is very good. The same set of ﬁgures for the electrical
loading, except for Fig. 3(d), was also plotted but is not shown
here due to the full similarity. It should be noted that the
piezoactive layers operate as the sensors under mechanical
loading and as the actuators under electrical loading. Therefore,
electrical output from the peizolayers is obtained for the mechan-
ical loading only.
All dependencies shown in Fig. 3 demonstrate non-linearity of
a soft type. They have limited amplitudes in the resonance
domain. Inelastic strains are observed over a ﬁnite region of
frequencies. This region has a tendency to grow if the controlled
parameter, M0 or V0, increases. The curve for stress amplitude
under signiﬁcant load causing inelastic deformation, see the lines
for M0¼0.2, 0.5, 1.0 and 2.0 kN m in Fig. 3(b), has a plateau-like
segment that expands as the controlled parameter increases. This
feature is a result of the weak hardening of the cyclic stress–strain
curve for the aluminium alloy. Fig. 3(d) shows that the approx-
imate approach also correctly estimates the ranges of the electric
current as well.
As expected, the closer the frequency of the vibration is to the
resonant frequency, the smaller the inﬂuence of the higher
harmonics on the response of the system. In other words, the
monoharmonic approximation becomes more accurate if the
system vibrates in the resonance regime. This is because reso-
nance ampliﬁes the amplitude of the vibration caused by the
excitation frequency. The inﬂuence of the higher harmonics can
be large if the excitation frequency differs substantially from the
resonance. In order to investigate this aspect of the beam
behaviour, the forced vibrations under loading were considered
at different frequencies. Taking account of the non-linearity
considered in the present study (i.e. the elastic–viscoplastic
response of the electrically passive material), it is worth mention-
ing that the level of loading is an additional factor inﬂuencing the
system response. It was found in [9] that higher loading levels
lead to more complex behaviour of the beam as a result of the
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Fig. 3. Amplitude–frequency characteristics of the forced vibrations of the beam under mechanical excitation: amplitudes of the beam central point deﬂection
(a); amplitudes of stress (b) and inelastic strain (c) at points x¼1 m and z¼0.28101 m; amplitude of the electric current from the upper piezolayer (d). Direct solutions
of the problem using the complete model are shown by the markers.
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electro-mechanical coupling. Under the loading levels, boundary
conditions and deﬂection ranges considered here, the inﬂuence of
geometrical non-linearity is shown to be small, in contrast to the
problem studied in [9] where membrane force played a
signiﬁcant role.
In general, it was concluded that the simpliﬁed approach
provides a reliable and accurate estimation of the amplitudes of
the main mechanical parameters and of the electric current taken
from the piezoactive layers if the inﬂuence of the geometrical
non-linearity is small. This result remains correct not only in the
immediate vicinity of the ﬁrst resonance but also for the region of
the quasi-static response.
The distributions of total and inelastic strain amplitudes over
the plane Oxz are shown in Fig. 4 for frequencies close to resonant
frequency, f¼32 Hz, and the controlled parameter M0¼1 kN m.
The inﬂuence of inertia effects is easily observed. In the case of
quasi-static vibrations, uniform distributions along the beam axis
were obtained. The maximum in the central cross-section can be
attributed to the dynamic effect. As a result, the inelastic
deformation occurs in the regions adjacent to the piezoactive
layers.
This fact is decisive for the dissipation function shaping and,
therefore, the heating zones formation. Indeed, examples of
central cross-section distributions of the dissipation function for
f¼10 Hz and for the set of frequencies in the resonance vicinity
are shown in Fig. 5(a) and (b), respectively. The numbers inFig. 5(b) give the frequency values. Far away from the resonance
region, the metal layer deforms elastically and does not contri-
bute to heating over the vibration period. In this case, the energy
losses (mechanical, piezoelectric and dielectric) occur in the
piezoelectric layers only; see Fig. 5(a). The situation changes
dramatically if even a small inelastic strain appears in the metal
layer (Fig. 5(b)). Then the mechanical losses in the metal dom-
inate. The maximal losses occur at the central cross-section in the
regions adjacent to the piezoceramics. The dissipation gradually
decreases to zero in the vicinity of the beam axis where the
material still deforms elastically. Analysis of Fig. 5(b) shows that
inelastic deformation plays a dual role in the vibration of the
considered highly non-linear system. First, it limits the amplitude
of the beam deﬂection and, as a result, the amplitudes of the main
ﬁeld variables (stress, total and inelastic strain) as well as the
amplitude of the electric current taken from the piezoelectric
layer. This can be seen as a positive fact in some applications.
Second, the presence of inelastic strain generates signiﬁcant loss
of mechanical energy that, being dissipated as heat, leads to an
appreciable temperature rise. For a large number of cycles, this
can cause an overheating of the piezoceramics and deterioration
of their piezoelectric properties.
To study the latter effect, the heating time histories for the
beam are computed. It is worth mentioning here that the beam of
the considered lay-up is the most effective one from an engineer-
ing point of view. It provides the best controllability of the
vibrations in the sense of their actuation or suppression and
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favourable from the heating point of view. Possessing relatively
low heat conductivity, the piezoceramic layers play a thermal
insulating role. They impede the excessive heat radiation into the
ambient medium through the convection mechanism, reducing
the temperature decrease due to the heat exchange with colder
regions of metal by heat conduction. The maximum heating is
observed at the points x¼1 m and z¼70.28101 m, which are
the most highly stressed points of the metal layer where the
maximal inelastic strain occurs. The temperature–time histories
at this point for different frequencies are shown in Fig. 6, where
the numbers give the frequency values. Maximum heating is
observed in the resonance region. Comparison with Fig. 3 shows
that the greater the deﬂection and, as a result, the greater the
inelastic strain, the shorter the time period needed to reach the
Curie point. Remote from the resonance region, the temperature
increase is not high enough to cause dangerous temperature
levels and, therefore, the vibrations can continue for a very long
time period without compromising the piezoelectric properties of
the ceramics.
The distribution of the temperature through the thickness of
the beam is almost uniform at the advanced stages of the process.
At the beginning, it corresponds to the dissipation function shown
in Fig. 5. Then the temperature is approximately constant through
the beam thickness, but still has a local maxima at the points
x¼1 m and z¼70.28101 m. This occurs as a result of the high
thermal conductivity of the core aluminium alloy.
Temperature distributions along the beam at z¼70.28
101 m (the thermal maxima lines) for f¼32 Hz and M0¼1 kN m
are shown in Fig. 7 for different number of cycles passed (given bythe numbers). Here the effect of the heating localisation in the
central part of the beam is easily observed. That is the region
where the temperature reaches the Curie level ﬁrst and depolar-
isation begins. For the electrical loading, this moment in time is
assumed to be instant when the structure loses its functionality.
Under the electric loading conditions studied, the loss of the
piezoelectric properties leads to a change in the general excitation
pattern because the voltage plays the role of a driving distributed
moment by means of the piezoelectric effect. The change in this
forcing factor leads to a completely different distribution of the
displacement amplitudes, which does not correspond to the
displacements provided by the initially polarised piezoactive
layers.
For the case of mechanical loading, overheating of the piezo-
ceramic layers working as sensors results in a change in the electric
current taken from the layers’ electrodes. It does not affect the
loading conditions or the displacement amplitude distribution.
The width of the depolarised zone, ay, is introduced in Fig. 7.
The evolution of the temperature proﬁle shown in Fig. 7 demon-
strates the increase in the overheated zone size with time.
Depolarised regions of the piezoelectric layers do not contribute
to the electric charge, and, as a result, the amplitude of the
electric current decreases.
Dependencies of the depolarised zone width and the electric
current amplitude on the number of cycles for several excitation
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frequency values are given by numbers. In both plots, dramatic
changes are observed as soon as the temperature reaches the
Curie point. Excessive temperatures give a rapid increase in ay,
resulting in a correspondingly fast decrease in the electric current
amplitude. Then, driven by the temperature conduction with
known heat source, both processes slow down. The effect of the
rapid decrease in the electric current amplitude can be useful for
some technological applications dealing with detection and
assessment of the deterioration of any thermally sensitive
properties.
To avoid dangerous overheating, safe vibration regimes must
be found. For this purpose, the thermal fatigue life characteristic,
Ny, can be introduced. It corresponds to the classical fatigue life,
but with the Curie temperature taken as the failure criterion. The
analogues of S–N curves (Wo¨hler curves) can be plotted associat-
ing the controlled parameter with the number of cycles needed
for the temperature in the piezoelectric layer to reach the
Curie point.
It has been shown that thin-wall structures need only a small
number of cycles to reach steady state. The M0/Ny curve can be
constructed for the steady state relatively easily by solving theheat conduction problem with known heat generation. Such
calculations show that, if unacceptable temperatures in the
piezoceramic layers are to be avoided, the core material must
remain elastic, if a large number of cycles are expected. If the core
material remains elastic at all times, the heat generated in the
piezoceramic layers as a consequence of mechanical dissipation
and electrical activity can easily be conducted to colder parts of
the structure and transferred to the environment. If the core
material deforms inelastically, then the generated heat may not
be dissipated to the surroundings sufﬁciently rapidly and the
piezoceramic layers may reach the Curie point within a relatively
modest number of cycles. For the beam investigated here a
maximum of 4000 cycles has been considered.
A typical M0–Ny curve for frequency f¼32 Hz (the fastest
heating regime) is shown in Fig. 9. The line divides the plane into
two regions: a region above the curve where thermal failure could
occur at a sufﬁciently high number of cycles and a region below
the curve where thermal failure will not occur regardless of the
number of cycles. For each value of the controlled parameter, the
safe operating regime can easily be established from the appro-
priate curve. The dependence of Ny on the excitation frequency is
plotted in Fig. 10. Small values of thermal fatigue life belong to
the near-the-resonance region and match well with the domain
where the amplitudes of inelastic strain become noticeable; see
Fig. 3(c). Taking account of the information presented in
Figs. 9 and 10, one can easily estimate the useful life expectancy
of a structure for a speciﬁed loading level.
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Fig. 9. Typical thermal fatigue curve M0–Ny for frequency f¼32 Hz.
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Fig. 11. Time–temperature histories at the maximum heating point x¼1 m and
z¼0.28101 m before and during the active suppression of vibration.
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be used. For the particular problem under consideration, the
mechanical and electrical loadings are equivalent in the sense
that they cause the same deﬂections and produce the same levels
of stress, total and inelastic strains. The correlation between the
controlled parameters was established in [9,24–26]. The relation-
ship between V0 and M0 is determined by the parameterisation of
the deﬂection amplitude vs. V0 and deﬂection amplitude vs. M0
dependences with respect to deﬂection. It was shown that,
despite the signiﬁcant non-linearity caused by the inelastic strain,
the dependence of V0 on M0 remains approximately linear within
the considered frequency range and, hence, can be speciﬁed by
solving a linear problem. Using these results, it is possible to ﬁnd
the value of electric voltage that should be supplied to the
electrodes of the piezoactive layers and the phase shift between
mechanical and electric excitation required to suppress the
mechanically induced vibrations [12,24–26]. The computations
have evidently proved that this approach works well for the range
of controlled parameters considered.
It was also demonstrated [9] that the suppressing voltage
should not be applied instantly, but rather gradually over several
cycles. Otherwise, an extremely complex beam response would
be generated, caused by the inertia of the beam and the interplay
between the geometrical non-linearity and the inelasticity of thebeam material. If the beam deforms into a hollow arch, residual
elastic vibration around this non-zero deﬂection conﬁguration
can cause beating [9]. The number of cycles needed to avoid these
complications is rather small. For the steady-state vibration
technique adopted within the monoharmonic approach, taking
account of this small transition period does not signiﬁcantly affect
the law of the variation in dissipation function with time. Indeed,
a rapid decrease in deﬂection leads to the elimination of inelastic
deformation and, therefore, to a dramatic decrease in the gener-
ated heat. As a result, an instant change in the dissipation regime
can be adopted under these circumstances.
Dissipation is equal to zero in the electrically passive alumi-
nium alloy layer if it deforms entirely elastically. The piezoelectric
layers continue to provide heating, though, as a consequence of
deformation induced internal friction and electrical activity.
Analysis of Eq. (22) shows that the second term, DDE0, deﬁning
dielectric losses is the only non-zero term. The computations
reveal that at the most dangerous points of PZT layers (x¼1 m
and z¼70.3101 m) for f¼32 Hz and M0¼1 kN m (maximum
heating), the dielectric term contributes 15.6% of the total
dissipated energy, while the mechanical losses account for
78.3% and the piezoelectric losses contribute a further 6.1%. In
turn, losses in the PZT layers are much smaller than those in the
aluminium alloy layer, if vibrations are not suppressed; see
Fig. 5(b). Therefore, under the suppression regime, the power of
the heat source decreases dramatically, and gradual cooling starts
as a result of conduction inside the beam and heat convection to
the outside. Several time–temperature histories are shown in
Fig. 11 for frequencies 32, 31.32 and 31.30 Hz. Suppression was
switched on after 137 cycles and a temperature rise of
y¼179.3 1C, after 1560 cycles with 178.9 1C rise and after 2210
cycles with 150.6 1C rise. In all cases, the immediate cooling
begins, preventing the depolarisation of the piezoceramic layers.
A stationary thermal state with non-zero temperature rise will be
reached after a signiﬁcant time interval.7. Conclusions
An approximate method for investigation of the non-linear
system response to harmonic loading is developed based on the
single-frequency approximation and the concept of complex
moduli. It is proved to be a powerful approach for determining
the amplitudes of the main mechanical and electrical variables as
well as the temperatures arising from dissipative heating for
I.A. Guz et al. / International Journal of Non-Linear Mechanics 47 (2012) 105–116116electro-mechanical loading of layered thin-wall structures with
piezoactive layers. This method works very well in the vicinity of
the ﬁrst resonant frequency for systems consisting of elastic or
viscoelastic piezoactive and inelastic electrically passive layers, if
the loading and boundary conditions allow the inﬂuence of
geometrical non-linearity to be neglected and ensure a symme-
trical vibration cycle. The obtained results show that the approx-
imate model correctly estimates the amplitudes of the electric
and mechanical parameters and temperatures for small and
moderate inelastic deformations of the passive layers. The nature
of the approximate model does not allow for large inelastic strain.
The formalism of the thermomechanical problem developed
here is useful for estimating the self-heating caused by electro-
mechanical losses in the piezoactive layers and mechanical losses
in the electrically passive metal layers. It is shown that the small
temperature increases due to the dissipation of electromechanical
energy over separate cycles of vibration can lead to a signiﬁcant
temperature rise for multi-cycle processes. Though the approx-
imate approach is not designed for describing the transient
mechanical response of structures, in the frame of coupled
thermo-electro-mechanical theory, it is capable of simulating
the heating temperature evolution with time. The problems of
determining the safe dissipative heating levels under harmonic
loading, predicting the thermal fatigue life, and describing the
thermal state under active damping regimes for thin-wall layered
structures containing piezoelectric layers can be successfully
solved using this approach.Acknowledgements
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